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CARLEMAN APPROXIMATION BY HOLOMORPHIC
AUTOMORPHISMS OF Cn
FRANK KUTZSCHEBAUCH AND ERLEND FORNÆSS WOLD
Abstract. We approximate smooth maps defined on non-compact to-
tally real manifolds by holomorphic automorphisms of Cn.
1. Introduction
The aim of the present paper is to prove a version of the Anderse´n-
Lempert Theorem with control on non-compact totally real submanifolds
of Cn. We use coordinates zj = x2j−1 + ix2j on C
n, and by Rs ⊂ Cn we
mean {z ∈ Cn;x2j−1 = 0 for j > s, x2j = 0 for j ≥ 1}. The following is our
main result (see also Theorem 6.3 for a more general statement).
Theorem 1.1. Let K ⊂ Cn be a compact set, let Ω be an open set containing
K, and let
φ : [0, 1] × (Ω ∪Rs)→ Cn, s < n,
be an isotopy of smooth embeddings, φ0 = φ(0, ·) = id, such that the follow-
ing hold:
1) φt|Ω is holomorphic for all t,
2) φt(K ∪ R
s) is polynomially convex for all t, and
3) there is some compact set C ⊂ Rs such that φt|Rs\C = id for all t.
Then for any k ∈ N we have that φ1 is C
k-approximable on K ∪ Rs, in the
sense of Carleman, by holomorphic automorphisms of Cn.
In Proposition 4.1 we give a result to the effect that if we assume that
φt(K) is polynomially convex for all t, then there are arbitrarily small per-
turbations of φt achieving 2).
As a first application of this result we also prove the following:
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Theorem 1.2. Let φ : Rs → Rs be a smooth automorphism, and assume
that s < n. Then φ can be approximated in the fine Whitney topology by
holomorphic automorphisms of Cn.
Our main Theorem 1.1 generalizes work of Forstnericˇ-Rosay [8], Forstnericˇ
[5] and Forstnericˇ-Løw-Øvrelid [7], where similar results were proved for
compact totally real manifolds. The proof of the main theorem depends on
the Anderse´n-Lempert theory and also results on Carleman approximation
by entire functions. Carleman approximation by entire functions on Rs ⊂ Cn
was proved by Scheinberg [17] and Hoischen [10]. On smooth curves in Cn
it was proved by Alexander [2], and more generally, for dendrites, it was
proved by Gauthier and Zeron [9].
2. Prelimiaries
Definition 2.1. For a function f ∈ Ck(Cn) we let |f |k,z denote the pointwise
semi-norm
|f |k,z :=
∑
|α|≤k
|
dαf
dxα
(z)|.
If φ = (f1, ..., fm) : C
n → Cm is a Ck-smooth map, we define
|φ|k,z :=
∑
1≤j≤m
|fj|k,z
In this article we will be interested to approximate C∞-smooth maps
φ :M ⊂ Cn → Cn
by holomorphic automorphisms of Cn, with respect to the norm | · |k,x along
M , where M is a non-compact totally real embedded submanifold of Cn.
Since holomorphic functions satisfy the Cauchy-Riemann equations, this
clearly requires some assumptions on φ. We will work in the following class
of maps.
Definition 2.2. Let A be a subset of Cn and let φ : Cn → Cm be a smooth
mapping of class Ck. We will write φ ∈ Hk(C
n, A) if any component function
f of φ has the property that ∂f vanishes to order k−1 on A, i.e., ∂ d
αf
dxα (z) = 0
for all ‖α‖ < k and all z ∈ A, z = (z1, ..., zn), zj = x2j−1 + i · x2j .
Definition 2.3. Let K ⊂ Cn be compact. As usual we let
K̂ := {z ∈ Cn; |f(z)| ≤ ‖f‖K ,∀f ∈ O(C
n)}
denote the polynomially convex hull of K. If K ⊂ Cn is any closed subset
we write K as an increasing union K = ∪
j∈N
Kj of compact sets Kj with
Kj ⊂ K
◦
j , and define the holomorphically convex hull of K by
K̂ := ∪
j∈N
K̂j .
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We define a set function h defined on closed subsets K of Cn by
h(K) := K̂ \K.
We say that a closed set K ⊂ Cn has bounded E-hulls (E=exhaustion) if for
any compact set Y ⊂ Cn the set h(K ∪ Y ) is bounded.
3. The fundamental result of Anderse`n and Lempert
For a non zero vector v ∈ Cn let πv denote the projection of C
n along v
to the orthogonal complement of Cv.
Lemma 3.1. Let X be a polynomial vector field on Cn and let v ∈ Cn
be a non zero vector. Then for any ǫ > 0 X can be written as sum X =∑N1
j=1Xj +
∑N2
j=1 Yj such that the following holds.
(a) Xj(z) = fj(πvj (z))vj with fj ∈ (C
n−1), ‖vj − v‖ < ǫ, and
(b) Yj(z) = gj(πwj(z))) · 〈z, wj〉wj with gj ∈ (C
n−1),‖wj − v‖ < ǫ.
Here we identify Cn with it’s tangent space at each point as usual. If divX =
0 the terms on the form (b) are not needed.
We will say that a decomposition of X like this is a decomposition re-
specting (v, ǫ).
Proof. : Writing X as a sum of its homogeneous parts it is sufficient to
prove the lemma for X = Xk homogeneous of degree k. For a homogeneous
polynomial vector field on Cn can we apply the following lemma proved in
[13] (Lemma 7.6).
Lemma 3.2. There exist n ·
(n+k−2
n−1
)
−
(n+k−2
n−1
)
linear forms λi ∈ (C
n)∗ and
vectors vi ∈ Cn with λi(vi) = 0 and ‖vi‖ = 1 i = 1, 2, . . . ,
(n+k−2
n−1
)
together
with
(n+k−2
n−1
)
linear forms λ˜j ∈ (C
n)∗ and vectors wj ∈ C
n with λj(wj) = 0
and ‖wj‖ = 1 j = 1, 2, . . . , n ·
(n+k−2
n−1
)
−
(n+k−2
n−1
)
such that the homogenous
polynomial maps
z 7→ (λi(z))
kvi, i = 1, 2, . . . , n ·
(
n+ k − 1
n− 1
)
−
(
n+ k − 2
n− 1
)
of degree k together with the homogenous polynomial maps
z 7→ (λ˜j(z))
k−1〈z, wj〉wj , j = 1, 2, . . . ,
(
n+ k − 2
n− 1
)
of degree k form a basis of the vector space Vk ∼= S
k((Cn)∗) ⊗ Cn of
homogenous polynomial maps of degree k. Moreover if v0 ∈ C
n and a non-
zero functional λ0 ∈ (C
n)∗ with λ0(v0) = 0 and ‖v0‖ = 1 and a number ǫ > 0
are given, then the vectors vi, wj together with the functionals λi, λ˜j can be
chosen with ‖v0 − vi‖ < ǫ ‖v0 −wj‖ < ǫ and ‖λ0 − λi‖ < ǫ, ‖λ0 − λ˜j‖ < ǫ.
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Remark that the normalization for the vectors vi and v0 is not important
since constants can be moved over to the linear functionals. Now finally
remark that if λ is a linear functional with a non zero vector v in it’s kernel,
then it factors over the projection πv.Thus (λi(z))
k = fi(πvi). 
4. Perturbations of families of totally real manifolds
Without the compact set K the following perturbation result was proved
by Forstnericˇ and Rosay in the case thatM is a real analytic surface, and by
Forstnericˇ assuming dim(M) ≤ (2n/3). It was proved without parameters
by the second author and E. Løw in [14]. The proof we give here is very
similar to the non-parametric case, building on the original idea of Forstnericˇ
and Rosay.
Proposition 4.1. Let K ⊂ Cn be a compact set, and let M ⊂ Cn be a
smooth manifold with dimR(M) < n. Let f : [0, 1] × (K ∪M) → C
n be an
isotopy of continuous injective maps, let K ⊂ U ′ ⊂⊂ U be open sets, and
let Gt : U → Ut ⊂ C
n be a continuous family of homeomorphisms such that
Kt = ft(K) ⊂ Ut = Gt(U) for all t. Assume that the following hold for all
t:
1) K̂t ⊂ U
′
t := Gt(U
′), and
2) ft :M \K → C
n is a Ck-smooth isotopy which is an embedding onto
a totally real manifold.
Then for any ǫ > 0 there exist gt : [0, 1] × (K ∪M) → C
n and an open set
U ′′ ⊂ U such that
1) gt|(K∪M)∩U ′′ = ft for all t,
2) |gt − ft|x,k < ǫ for all x ∈M \K, and
3) h(gt(K ∪M)) ⊂ U
′
t for all t.
Assuming also that f0(K ∪M) and f1(K ∪M) are polynomially convex, we
may achieve that g0 = f0 and g1 = f1.
Proposition 4.2. Let Ψ : B → Ck be a C1-smooth map of the form Ψ(x) =
(x, ψ(x)), where B is the unit ball in Rk, and we write Ck = Rk ⊕ iRk.
Assume that ψ is Lipschitz-α with α < 1. Then there exist ǫ, δ such that the
following hold: for any Ψ˜ with ‖Ψ˜ − Ψ‖1,x < ǫ for all x ∈ B and any point
z0 ∈ C
k \ Ψ˜(B) with πx(z0) ∈ πx(Ψ˜(B1/2)), there exists an entire function g
such that
1) g(z0) = 1,
2) ‖g‖Ψ˜(B) < 1, and
3) |g(z)| < 1 for all z such that dist(z, Ψ˜(bB)) ≤ δ.
Proof. We will give the argument considering only the map Ψ, and it will
be clear that it is stable under small perturbations. Write x0 = πx(z0), z
′ =
x0 + iψ(x0), and consider the function h(z) = (z − z
′)2 on Ψ(B): we have
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Re(h(z)) = Re(((x−x0)+ i(ψ(x)−ψ(x0)))
2) = |x−x0|
2−|ψ(x)−ψ(x0)|
2 ≥
(1 − α2)|x − x0|
2. Clearly Re(h(z0)) < 0 and so defining g(z) := ce
−h(z)
takes care of 1) and 2) for a suitable constant c > 0. And if δ is chosen small
enough and dist(z,Ψ(b(B))) ≤ δ, we have |πx(z) − x0| > 0 and |πy(z)| <
|πx(z)|, and so by the same calculation as above we have |g(z)| < 1. Clearly
these estimates can be made to hold under small perturbations. 
Corollary 4.3. Let (Ψ,Φ) : B → Cn = Ck × Cn−k be a C1-smooth map,
where B is the unit ball in Rk, and Ψ is as in the previous proposition.
Let ǫ be as above. Then if |Ψ˜ − Ψ|1,x < ǫ for all x ∈ B, we have that
K := (Ψ˜, Φ˜)(B1/2) is polynomially convex, where Φ˜ is any continuous map.
Proof. Let πk denote the projection onto C
k. Now πk is an entire map which
maps K onto a polynomially convex totally real manifold S ⊂ Ck. Since
each point of S is then a peak point for the algebra P (S) it follows that K
is polynomially convex (see [16]). 
Corollary 4.4. Let K ⊂ Cn be a compact set, and let M ⊂ Cn be a compact
totally real set. Then for any open neighborhood U of K there exist β, ǫ > 0
such that the following hold:
i) If S ⊂ M is any closed set, and if h(K ∪ S) ⊂ (K ∪ S)(β), then
h(K ∪ S) ⊂ U , and
ii) if Mǫ is a C
1-ǫ-pertubation of M , and if S ⊂ Mǫ is closed, then i)
still holds.
Proof. To show i) it is suffices by compactness to show that for any point
x ∈ M \ K there exist an r > 0 such that if α is small enough, then if
S ⊂ M is any closed set with x ∈ S, and if h(K ∪ S) ⊂ (K ∪ S)(α), then
h(K ∪ S) ∩Br(x) = ∅. The argument we give will make it clear that this is
stable under small perturbations of M .
Fix x ∈ M \ K. By scaling there exist 0 < r1 < r2 << 1 and δ > 0
such that for any z0 ∈ Br1(x) \M there exists an entire function f with the
following properties
a) f(z0) = 1
b) ‖f(z)‖ < 1 for all z ∈M ∩Br2(x), and
c) ‖f(z)‖ < 1 for all z with dist(z, bBr2(x) ∩M) < δ.
Now choose β so small that if we define
d) U1 := (K ∪M)(β) ∩Br2(x), and
e) U2 := [(K ∪M)(β) \Br2(x)] ∪ [(K ∪M)(β) ∩ (bBr2 ∩M)(δ)]
then {U1, U2} is an open cover of (K ∪M)(β) with U1∩U2 ⊂ (bBr2 ∩M)(δ).
Note that a function f as above will satisfy
f) ‖f(z)‖ < 1 for all z ∈ U1 ∩ U2.
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Now let S ⊂ M be any closed set with x ∈ S. Then (K ∪ S)(β) ⊂
(K ∪M)(β). If h(K ∪ S) ⊂ (K ∪ S)(β) there exists a Runge and Stein
neighborhood Ω ⊂ (K ∪ S)(β) of K ∪ S. We define U˜1 = U1 ∩ Ω and U˜2 =
U2 ∩Ω. Then {U˜1, U˜2} is an open cover of Ω. For any point x ∈ Br1(x) \M
we let f be a function as above. Regarding fm as a cocycle on U˜1 ∩ U˜2 we
solve Cousin problems with sup-norm estimates and get by f) holomorphic
functions on Ω that separate x from K ∪ S.
We now have that h(K ∪S)∩Br1(x) ⊂M which implies our claim, since
totally real points on polynomially convex compact sets are peak points.
The result is stable of small perturbations of M since the sizes of r1, r2
and δ are stable.

Fix an open neighborhood W ⊂ C of I = [0, 1]. We will now consider
subvarieties Σ and Z of W × Cn, and by Σt and Zt respectively, we will
mean the fibers over a points t ∈W .
Lemma 4.5. Let M ⊂ Cn be a compact Ck-smooth manifold (possibly
with boundary) of real dimension m < n, and let f : [0, 1] × M → Cn
be a Ck-smooth isotopy of embeddings such that f0 = id and assume that
ft(M) is totally real for each t ∈ [0, 1]. Then there exists a δ > 0 such
that the following hold: for any point x ∈ M and (relatively) open sets
U ⊂⊂ V ⊂ Bδ(x)∩M , any variety Σ ⊂W ×C
n, and any ǫ > 0, there exists
a hypersurface Z ⊂ W × Cn, and a Ck-smooth isotopy g : [0, 1] ×M → Cn
such that
i) |gt(x)− ft(x)|k,x < ǫ for all x ∈M, t ∈ [0, 1],
ii) gt(y) = ft(y) for all y ∈M \ V, t ∈ [0, 1],
iii) gt(U ∩M) ⊂ Zt for all t ∈ [0, 1], and
iv) dim(Z ∩ Σ) < dim(Σ).
Proof. We may assume that ft is defined on M˜ ⊂ C
n with M ⊂⊂ M˜ with
ft(M˜) totally real for each t. If δ is small enough we it follows from Corollary
4.3 that the following hold: for each x ∈ M there exists a parametrization
φ : B → M˜ of M˜ near x, B is the unit ball in Rk, such that ft(φ(B)) is
polynomially convex for all t, and such that Bδ(x) ∩ M˜ ⊂ φ(B). Fix x
and choose a cutoff function χ which is identically one on U and compactly
supported in V . We now consider Rk to be contained in Cn−1 ⊂ Cn−1 ×C.
By [5] we see that ft ◦ φ is uniformly approximable in C
k-norm on B × I by
a family Ft of holomorphic automorphisms of C
n also holomorphic in t ∈W
(see also Lemma 6.4). Set Z := Ft((C
n−1 × {0}) ×W ). By genericity we
may assume that (iv) holds. Write g˜t := Ft ◦ φ
−1, and finally set gt(x) :=
ft(x) + χ(x)(g˜t(x)− ft(x)). 
Proof of Proposition 4.1: We give the proof first in the case of M being
an embedded cube f0 : [0, 1]
k → Cn. The general case follows by covering
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M by a locally finite family of cubes, and succesively using the result for
cubes and gluing (see [14] for details). We will prove the result by induction
on k, and we note that the result is obvious for k = 0. Assume that the
result holds for some k ≥ 0. To avoid working with too many indices we
give the argument for passing from k = 1 to k = 2, the passing from k = 0
to k = 1 is simpler, and other cases completely similar.
Choose an open set K ⊂ V ⊂ U ′ such that ̂[(Kt ∪Mt) ∩ V t] ⊂ U
′
t and
choose an open set K ⊂ U ′′ ⊂⊂ V . For m ∈ N we let Γm denote the
grid Γm = {x ∈ [0, 1]
2 : x1 = j/m or x2 = j/m, 0 ≤ j ≤ m}, We let Qij
denote the cube Qij = [i/m, (i + 1)/m] × [j/m + (j + 1)/m]. For small
β > 0 we define Qβij = [i/m + β, (i + 1)/m − β]× [j/m + β, (j + 1)/m − β]
and Γm(β) = [0, 1]
2 \ ∪ijQ
β
ij . If m is large enough then if ft(Qij) is not
contained in Vt then ft(Qij) does not intersect U
′′
t . If m large enough then
if S is any collection of n + 1 cubes Qij then h(((Kt ∪Mt) ∩ V t) ∪ St) ⊂
U ′t . Note that this still holds if we replace ft by a small C
1-perturbation.
Now by the induction hypothesis we may (by possibly having to perturb
ft slightly) assume that for any collection of n+ 1 cubes we also have that
h(((Kt∪Mt)∩V t∪Γm,t)∪St) ⊂ U
′
t For this we successively use the induction
hypothesis and creating the grid by attaching a 1-cube to collections of cubes
Qij, perturbing the isotopy each time. Finally by choosing a small enough β
we may assume that h(((Kt ∪Mt)∩ V t ∪ Γm,t(β))∪St) ⊂ U
′
t (use Corollary
4.4). Finally by Lemma 4.5 we may assume that there are parametrized
subvarieties Zi,j,t = Z(hi,j,t) of C
n with Qβi,j,t ⊂ Zi,j,t for all cubes not
completely contained in Vt, and such that for a fixed t, any collection of
n+ 2 subvarieties with distinct indices intersect empty.
Now fix t ∈ [0, 1], x ∈ h(Kt ∪Mt), and let µ be a representative Jensen
measure for evaluation at x. Then
log |hi,j,t(x)| ≤
∫
Kt∪M
log |hi,j,t|dµ,
and so if µ has mass on Qβi,j,t then x ∈ Zi,j,t. So µ has mass on at most n+1
cubes together with Γm,t(β) and (Kt ∪Mt) ∩ V t. So x ∈ U
′
t .
5. Extensions of maps from totally real manifolds
In this section we show how to obtain the conditions of Theorem 6.3
starting with embeddings defined only on the manifold M . Our approach
is the same as that of Forstnericˇ and Rosay in [8] and Forstnericˇ [5] but the
presence of an additional compact set K complicates things.
Theorem 5.1. Let M ⊂ Cn be a compact totally real manifold of class C∞
(possibly with boundary) and let K ⊂ Cn be a polynomially convex compact
set. Let U be an open neighborhood of K and let ϕ : [0, 1] × (U ∪M)→ Cn
be a C∞-smooth map such that ϕt|M is an embedding and ϕt|U is injective
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holomorphic for each fixed t. Assume also that ϕt(K) is polynomially convex
for each t. Then there exists an (arbitrarily small ) open neighborhood U ′ of
K such that for any ǫ > 0 and any k ∈ N there exists a C∞-smooth map
Φ : [0, 1] × Cn → Cn such that the following hold:
(a) ‖Φt − ϕt‖U ′ < ǫ,
(b) |Φt − ϕt|x,k < ǫ, x ∈M ∩ U
(c) Φt|U ′ is holomorphic,
(d) Φt ∈ Hk(C
n,M),
(e) Φt(x) = ϕt(x) for all x ∈M \ U , and
(f) Φt is of maximal rank along M
for all t ∈ [0, 1].
The content of the following lemma is essentially to be found in [8] - the
difference is the claim that the identity extends to the identity.
Lemma 5.2. Let M ⊂ Cn be a totally real manifold of class C∞, and let
ϕ : [0, 1]×M → Cn be a C∞-smooth isotopy such that Mt = ϕt(M) is totally
real for each t ∈ [0, 1]. Let M ′ ⊂M be compact and assume that ϕ ≡ id near
M ′. Then for any k ∈ N there exists a C∞-smooth map ϕ˜ : [0, 1]×Cn → Cn
such that ϕ˜|M = ϕ, ϕ˜ ≡ id near M
′, and ϕ˜t ∈ Hk(C
n,M).
Proof. The maps ϕt already have maximal rank along M and the Cauchy-
Riemann equations determine (at the level of jets) the extension in the
complex tangent directions. We need to extend the maps in the complex
normal directions, and the extensions should be ∂-flat.
For each t ∈ [0, 1] let Nt denote the complex normal bundle of the em-
bedded manifold Mt. Let N denote the total bundle N = ∪
t∈[0,1]
Nt, and let
N˜ denote the bundle N0 × [0, 1] over M × [0, 1].
We let Ne ⊂ C
n+1 and N˜e ⊂ C
n+1 denote embedded neighborhoods of
the zero sections. These are both generic CR-manifolds. Let U be an open
neighborhood of M ′ such that ϕ ≡ id on U . There is a natural bundle
injection f : N˜0 ∪ π
−1(U × [0, 1]) → N since the two bundles are identically
defined over M0∪ (U× [0, 1]). By Lemma 5.3 the map f extends to a bundle
isomorphism f˜ : N˜ → N , and f˜ induces CR-isomorphism f˜e : N˜e → Ne.
Note that f˜e is the identity near M
′. The map f˜e determines a jet along
M × [0, 1] which has maximal rank and is ∂-flat to order k − 1, and by
Whitney’s extension theorem the jet extends to a map ϕ˜t. 
Let M be a Ck-smooth manifold and let π : N → M × I be a complex
vector bundle of class Ck with fiber Cm. Let N0 denote the bundle π
−1(M ×
{0}) over M , and form the bundle N˜ = N0 × I. Denote the projection by
π˜.
Lemma 5.3. Let M ′ ⊂ M be a compact subset, let U ⊂ M be an open
neighborhood of M ′, and let f : N˜0∪ π˜
−1(U×I)→ N be a Ck-smooth bundle
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map (π˜ = π ◦ f) giving an isomorphism from N˜0 ∪ π˜
−1(U × I) onto the
restriction of N to M × 0 ∪ U × I. Then there exists a Ck-smooth bundle
isomorphism f˜ : N˜ → N (π˜ = π ◦ f˜) extending f on N˜0 ∪ π˜
−1(M ′ × I).
Proof. If {Uj} is an open cover of M × I over which the bundles are trivial
then N˜ is represented by a family gij : Uj → GLm(C) of C
k-smooth maps
(transitions from π−1(Uj) to π
−1(Ui)), and N is likewise represented by a
family hij : Uij → GLm(C). Finding an isomorphism f˜ : N˜ → N amounts
to finding local maps f˜j : Uj → GLm(C) such that
(a) f˜i = hij ◦ f˜j ◦ gji for all Ui ∩ Uj 6= ∅.
We may think of such an f˜ as a section of the Ck-smooth GLm(C) fiber
bundle πx : X →M × I where the matrices transform according to the rule
A 7→ hij◦A◦gji. Our given bundle injection f is then interpreted as a section
of π−1x (M0 ∪ (U × I)). Choose a closed set Y ⊂ U such that M
′ ⊂ Y ◦ and
such that (M,Y ) is a relative CW-complex. According to Theorem 7.1 in
[11] the section f extends to a section f˜ of the total bundleX. By smoothing
we may assume that f˜ is actually a Ck-smooth section. 
Proof of Theorem 5.1:
Choose open subsets Uj in C
n for j = 1, 2, 3 such that K ⊂ U3 ⊂⊂ U2 ⊂⊂
U1 ⊂⊂ U . The set U3 will play the role of U
′ in the theorem.
Note that if ϕ ≡ id on U2 then the theorem follows immediately from
Lemma 5.2 by defining M ′ = M ∩ U3. To prove the theorem we will use a
global holomorphic change of coordinates so that we are approximately in
this situation.
By possibly having to choose a smaller U we may assume that ϕ is the
uniform limit of one parameter families ψt ∈ Authol(C
n), i.e., we may assume
that ψδt → ϕt uniformly on [0, 1] × U as δ → 0. Note that the Cauchy-
estimates imply:
(a) If ϑδt is close enough to the identity in C
k-norm on U3 ∪ (M ∩ U1)
and if ψδt is close enough to ϕt on U , then ψ
δ
t ◦ ϑ
δ
t is close to ϕt in
Ck-norm on U3 ∪ (M ∩ U1).
Define θδt := (ψ
δ
t )
−1 ◦ ϕt. Then θ
δ
t converges to the identity uniformly in
Ck-norm as δ → 0 on U1. Let χ ∈ C
k
0 (U1) such that χ1 ≡ 1 near U2.
Write θδt = id + σ
δ
t and define θ˜
δ
t := id + (1 − χ1) · σ
δ
t . Then θ˜
δ
t → id
uniformly in Ck-norm on M ∩U1 as δ → 0, θ˜
δ
t is the identity on M ∩U2 and
θ˜δt = θ
δ
t outside U1. Let M
′ := M ∩ U3 and let ϑ
δ
t be the extensions of θ˜
δ
t
according to Lemma 5.2 which now can be extended to the identity near K.
We set Φt = ψ
δ
t ◦ ϑ
δ
t for small enough δ.

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6. A Carleman version of a result by Forstnericˇ and Rosay
6.1. The nice projection property. Let v ∈ Cn be a nonzero vector and
let ǫ > 0. By vǫ we will mean an arbitrary vector satisfying ‖vǫ−v‖ ≤ ǫ. We
let πvǫ denote the orthogonal projection to the orthogonal complement of the
vector vǫ. To simplify notation we always write C
n−1 for these orthogonal
complements, and by RBn−1 we mean RBn intersected with the orthogonal
complements.
Let M be a smooth submanifold of Cn. We will assume that M satisfies
the following properties:
A1 : The familly πvǫ : M → C
n−1 is uniformly proper, i.e., for any com-
pact set K ⊂ Cn−1, the set
⋃
vǫ
π−1vǫ (K) is compact,
A2 : there exists a compact set C ⊂M such that πvǫ :M \ C → C
n−1 is
an embedding onto a totally real manifold,
A3 : the familly πvǫ(M) has uniformly bounded E-hulls in C
n−1, i.e., for
any compact subset K ⊂ Cn−1 there exists an R > 0 such that
h(K ∪ πvǫ(M)) ⊂ R · B
n−1, and
A4 : for any compact set K ⊂ M we have that x 7→ 〈x, vǫ0〉 is uniformly
bounded away from zero on K provided ǫ0 is small enough (depend-
ing on K).
Remark 6.1. It follows from A3 that M has bounded E-hulls in C
n.
Definition 6.2. Let M ′ ⊂ Cn be a smooth manifold. If there exists a
holomorphic automorphism α ∈ AutholC
n and a pair (v, ǫ) such that the
manifoldM = α(M ′) satisfies A1−A4 we say thatM
′ has the nice projection
property.
Theorem 6.3. Let M ⊂ Cn be a totally real manifold of class C∞, fix a
Ck-norm on M , and assume that M has the nice projection property. Let
K ⊂ Cn be compact, and assume that K ∪M is polynomially convex. Let Ω
be an open neighborhood of K. The following hold:
Let φ : [0, 1] × (Ω ∪M) → Cn be a C∞-smooth map with the following
properties:
(a) φ0 is the identity map,
(b) φt| is injective for all t,
(c) φt|Ω is holomorphic for all t,
(d) φt|M is an embedding for all t,
(e) there exists a compact set S ⊂ M such that φt(z) = z for all z ∈
M \ S for all t,
(f) φt(K ∪M) is polynomially convex for all t.
Then for any strictly positive continuous function δ ∈ C(K∪M) there exists
a map ψ ∈ AutholC
n, such that
|ψ − φ1|k,x < δ(x)
CARLEMAN APPROXIMATION BY HOLOMORPHIC AUTOMORPHISMS OF Cn 11
for all x ∈ K ∪M .
Preparing for the proof we start with a lemma.
Lemma 6.4. Let M ⊂ Cn be a compact totally real manifold (possibly with
boundary) of class C∞, and let K ⊂ Cn be a compact set such that K ∪M
is polynomially convex. Let A1 ⊂ A2 ⊂⊂ M \ K be closed subsets with
A1 ⊂ int(A2). Let Ω be an open neighborhood of K, and let φ : Ω∪M → C
n
satisfy (a)–(d) and (f) and also that φt|A2 = id for each t.
Then there exist open neighborhoods U ′ ⊂ U ⊂ Ω of A1, such that for any
ǫ > 0, δ > 0 sufficiently small, and k ∈ N, there exists ψ : [0, 1] × Cn →
Cn with ψ(t, ·) holomorphic for each t and real analytic in t, such that the
following hold for all t ∈ [0, 1]:
(i) ‖ψt − φt‖K(δ) < ǫ,
(ii) |ψt − φt|k,x < ǫ for all x ∈M ,
(iii) ‖ψt − id‖U < ǫ,
(iv) ψt has rank n on M , and
(v) h(ψt(K ∪M ∪ U
′
)) ⊂ U ∪ ψt(K(δ)).
Proof. By Corollary 4.4 and the assumption (f) there exists a δ small enough
such that h(K(δ) ∪ M) ⊂ Ω, so for the purpose of approximating φ on
K(δ)∪M we may assume that K(δ)∪M is polynomially convex. If U ′ ⊂⊂
U ⊂⊂ U ′′ are small enough neighborhoods of A1, we may extend φ to be
the identity on U ′′, and by the same corollary get that
(iv) h(K(δ) ∪M ∪ U) ⊂ U ′′,
(v) h(ψt(K ∪M ∪U
′
)) ⊂ U ∪ψt(K(δ)), for any ψ which is a sufficiently
small perturbation of φ on K(δ) ∪M ∪ U .
By Theorem 5.1 we may also assume that φ is ∂-flat to order k along M ,
and has rank n along M .
It remains to show (i)–(iii) and for this we will transform this into an
approximation problem without a parameter t. Set
K ′ := closure( ̂[K(δ) ∪M ∪ U ] \M),
define M˜ =M×[0, 1] ⊂ Cn×C and K˜ = K ′×[0, 1] ⊂ Cn×C. Note that M˜ is
a totally real manifold and that K˜∪M˜ is a polynomially convex. For N ∈ N
we define a covering of the interval I = [0, 1] as follows: let I0 = [0,
1
N ), let
IN = (1 −
1
N , 1], and let Ij = (
2j−1
2N ,
2j+1
2N ) for j = 1, 2, ..., N − 1. Let {αj}
be a partition of unity with respect to the cover {Ij}. Define
φ˜w(z) :=
∑
0≤j≤N
αj(w) · φ j
N
(z),
on K˜ ∪ M˜ , with coordinates (z, w) on Cn×C. Each of the functions αj may
be approximated arbitrarily well on I by entire functions α˜j on C. So the
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mapping
φ̂w(z) :=
∑
0≤j≤N
α˜j(w) · φ j
N
(z),
is in Hk(C
n+1, M˜) ∩O(K˜). If N was chosen big enough, and if the approx-
imation of the partition of unity was good enough, then
(a) ‖φ̂w − φw‖Kw <
ǫ
2 , and
(b) |φ̂w − φw|k,x <
ǫ
2 for all x ∈Mw.
That we can approximate φ̂ on K˜ ∪ M˜ follows directly from [16].

6.2. Proof of Theorem 6.3. Choose r1 > 0 such that S ⊂ r1 · B
n. By
possibly having to increase r1 we may assume that φt((M∩r1B
n)∪K) ⊂ r1B
n
for all t. It follows from A3 above that there exists an R > 0 such that
h(πvǫ(r1 · B
n ∪M)) ⊂ R · Bn−1
for all ‖vǫ − v‖ ≤ ǫ. By possibly having to increase R we may assume that
πvǫ(C) ⊂ R · B
n−1 for all ‖vǫ − v‖ ≤ ǫ. Given r2 < r3 we let A denote the
annular set
A = A(r2, r3) := {z ∈ C
n; r2 ≤ ‖z‖ ≤ r3}.
Fix r2 < r3 such that πvǫ(A ∩M) ⊂ C
n−1 \ R · Bn−1 for all ‖vǫ − v‖ ≤ ǫ.
Let Mj denote Mj := M ∩ rjBn for j = 2, 3. Let χ ∈ Hk(C
n,M) such that
0 ≤ χ ≤ 1, χ|r1·Bn∪M2 ≡ 1, and χ|M\M3 ≡ 0. Let A˜ :=M ∩A. Set
(6.1) T := sup
x∈A
{|χ|k,x}.
By [14] we have that ifM ′ is a sufficiently small C1-perturbation of πv(M \ C)
which is equal to πv(M) on πv(M \M3), then
h(πv(r1 · Bn) ∪M
′) ⊂ R · Bn−1.
It follows that there exists a constant ǫ1 > 0 such that, by possibly having
to decrease ǫ, we have that
(1) ifM ′ is a C1-ǫ1-perturbation ofM\C which is equal to M outsideM3,
then πvǫ(M
′) is a totally real manifold with h(r1 ·Bn∪M
′) ⊂ R·Bn−1.
6.2.1. Plan of proof. The theorem will be proved in several steps; the first
steps are the same as in the usual A-L procedure.
i) First we will approximate the whole isotopy φt(z) on K ∪M3 by
an isotopy gt(z) which is holomorphic on C
n × [0, 1]. In addition to
being a good approximation on K∪M3 we need gt(z) to be uniformly
small on a full open neighborhood U of A.
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ii) We interpret gt(z) as the flow of a time dependent vector field Xt(z),
which we, by approximation, will assume is polynomial, and then
approximate g1(z) by a composition of flows h
j
t(z) of time indepen-
dent polynomial vector fields Xj(z), j = 1, ...,m, all of then being
uniformly small on U .
iii) Each Xj may we written as a sum of shear- and over-shear fields.
We will then approximate each flow hjt by a composition of shear-
and over-shear flows.
iv) Each shear- and over-shear flow from step iii) will be modified on
r1 · Bn ∪M3 by multiplying with smooth cutoff functions along (im-
ages of) A, thereby obtaining good (smooth) shear- and over-shear
like maps defined on (images of) r1 · Bn ∪ M , being the identity
outside M3.
v) Finally, the modified maps will be interpreted as shears- and over-
shears defined by using the projections of r1 · Bn ∪M along the vǫ-s
(using the good projection property), and approximated by holomor-
phic shears and over-shears using Carleman appoximation by entire
functions.
6.2.2. Approximation by an isotopy of holomorphic injections. Let U ′ ⊂ U
be neighborhoods of A as in Lemma 6.4, and let δ be as in the same lemma.
Let 0 < ǫ2 < ǫ1 be a small constant to be determined later. According to
Lemma 6.4 there exists an isotopy ψt of entire maps such that
(i) ‖ψt − φt‖K(δ) < ǫ2,
(ii) |ψt − φt|k,x < ǫ2 for all x ∈M3, and
(iii) ‖ψt − id‖U < ǫ2 for all t.
Note that
h(ψt(K ∪M3 ∪ U ′)) ⊂ ψt(K(δ) ∪ U).
We now proceed to approximate the map ψ1 on K ∪M3 and the identity
on M \M3. We may assume that ψ0 = id.
6.2.3. The reduction to flows of shear- and over shear fields. Let W be a
neighborhood of K(δ) ∪ M3 ∪ U such that ψt : W → C
n is a family of
injections. We define a time dependent vector field X(t, z) by
X(t0, z0) :=
d
dt
|t=t0ψt(ψ
−1
t0 (z0))
for all z0 ∈ ψt0(W ). Then ψ is the flow of X. We let Xt denote the
autonomous vector field we get by fixing t. Note that
h(ψt(K ∪M3 ∪ U ′)) ⊂ ψt(W )
and so eachXt is the uniform limit of polynomial fields near ψt(K∪M3∪U ′).
Thus Lemma 3.1 and the usual Anderse´n-Lempert construction allows
us to find automorphisms Θk(z) of C
n, k = 1, ..., N , such that Θ(N) =
14 FRANK KUTZSCHEBAUCH AND ERLEND FORNÆSS WOLD
ΘN ◦ΘN−1 ◦ . . . ◦Θ1 approximates ψ1 as well as we want near K ∪M3 ∪U ′
Moreover, each Θk is of one of the two forms
(6.2) Θk(z) = z + τk(πk(z)) · vk,
or
(6.3) Θk(z) = z + (e
τk(πk(z)) − 1)〈z, vk〉 · vk,
where the quantities 〈z, vk〉 are bounded away from zero, and the functions
τk(πk(z)) are as small as we like. Also by (iii) above we may assume that
each map Θk is as small as we like on U ′.
6.2.4. Approximation by smooth maps. We will now describe an inductive
procedure how to modify the maps Θk. We have that
(6.4) Θk(z) = z + τk(πk(z)) · vk,
or
(6.5) Θk(z) = z + (e
τk(πk(z)) − 1)〈z, vk〉 · vk,
for entire functions τk, depending on wether Θk is a shear or an over-shear.
At any rate, we may write
(6.6) Θk(x) = x+ gk(x) · vk,
defined for x ∈ Θ(k − 1)(A).
Let Θ0 := id, and define inductively
Θ˜k(x) := x+ χ(Θ˜(k − 1)
−1(x)) · gk(Θ(k − 1) ◦ Θ˜(k − 1)
−1(x)) · vk
:= x+ g˜k(x) · vk,
for all x ∈ Θ˜(k − 1)(A), Θ˜k(x) := Θk(x) for all x ∈ K ∪ M3 \ A, and
Θ˜k(x) := id for all x ∈M \M3. Writing Θ(k)(x) = x+ hk(x) ·wk on A it is
clear that Θ˜(k)(x) = x+ χ(x) · hk(x) ·wk, and so this is well defined if each
composition Θ(k) is small enough on U ′. Note that Θ(N) = x+hN (x) ·wN ,
and that |hN · wN | is as small as we like depending on the choice of ǫ2
above. The choice of ǫ2 is made after fixing χ, so we choose it depending on
the constant T above, and so we may assume that Θ˜(N) is as close to the
identity as we like on A.
Finally we want to rewrite the Θ˜k-s as shears and over-shears, i.e., defined
via the projections πk. First assume that the original Θk was a shear map:
if ǫ2 was chosen small enough we have that πk(Θ˜(k− 1)(A)) is a totally real
manifold contained in Cn−1 \R ·Bn−1, so we may write g˜k(x) = τ˜k(πk(x)) on
Θ(k−1)(A). Since τ˜k will agree with τk near πk(Θ˜(k−1)(A∩(M3 \A))), we
may extend τ˜k to be equal to the original τk on R·Bn−1∪πk(Θ(k−1)(M3\A)).
We may aslo extend τ˜k to be zero on πk(Θ(k − 1)(M \M3)).
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If Θk was an over-shear we write first g˜k(x) = ψk(πk(x)), we extend gk as
we just did with τ˜k, but now we want to solve
(6.7) (eτ˜k(πk(x)) − 1)〈x, vk〉 = ψk(πk(x))
on πk(Θ(k− 1)(A)). This is doable since 〈x, vk〉 is uniformly bounded away
from zero (independent of k) by A4 in the definition of the nice projection
property, and we may assume that ψk(πk(x)) is arbitrarily small compared
to this.
6.2.5. Approximation by holomorphic automorphisms. We finally show by
induction on k that the compositions Θ˜(k) be be approximated in the sense
of Carleman on K ∪M .
More generally than showing this first for k = 1 we show first that for
any k we have that Θ˜k may be approximated in the sense of Carleman on
Θ˜(k − 1)(K ∪M). Note that h(π1(Θ˜(k − 1)(K ∪M))) ⊂ R · B
n−1 and so
it follows by [16] that the function τ˜k may be approximated in the sense of
Carleman on πk(Θ˜(k − 1)(K ∪M)) by entire functions.
Now the induction step is clear: since Θ˜k+1 may be approximated on
Θ˜(k)(K ∪M) and since Θ˜(k) may be approximated on K ∪M we get that
Θ˜(k + 1) may be approximated on K ∪M .
7. Approximation of smooth automorphisms of Rk ⊂ Cn
Theorem 7.1. Let φ : Rs → Rs be a C∞-smooth automorphism, and assume
that s < n. Then φ can be approximated in the sense of Carleman by
holomorphic automorphisms of Cn, i.e., given ǫ ∈ C(Rs) and k ∈ N, there
exists Ψ ∈ AutholC
n such that |Ψ− φ|k,x < ǫ(x) for all x ∈ R
s.
We start by describing a gluing procedure that will be used in an induction
argument to prove Theorem 7.1. Let M →֒ Cn be a smooth embedded
submanifold, and let π : N →M be an embedded neighborhood of the zero
section of the normal bundle. Then any sufficiently small Ck-perturbation
M ′ of M can be thought of as Ck-small section s ∈ Γ(M,N). Fix a normal
exhaustion Kj ⊂ K
◦
j+1 of M , and fix functions χj ∈ C
∞
0 (K
◦
j+1) with χj ≡ 1
near Kj .
Lemma 7.2. Let ψ be a smooth diffeomorphism of M , and let ǫ ∈ C(M) be
a strictly positive function. Then there exists a strictly positive δ ∈ C(M)
such that the following hold. For any m ∈ N and any smooth embedding
φ : M → Cn such that |φ − ψ|k,x < δ(x) for all x ∈ Km+1, and such that
φ(M) is a δ-perturbation of M in the sense that φ(M) can be written as a
section s ∈ Γ(M,N) where |s− id|k,x < δ(x) for all x ∈M , the map
φ˜ := φ(x) + (1− χm(x))(s(ψ(x)) − φ(x))
satisfies |φ˜− ψ|k,x < ǫ(x) for all x ∈M .
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Proof. We check different parts of M . Since on Kj we have that φ˜ = φ
it suffices that δ(x) < ǫ(x) for all x ∈ M . On M \ Km+1 we have that
φ˜(x) = s(ψ(x)), and given any ǫ˜ < ǫ, it is clear that if δ decreases rapidly
towards zero, then |ψ − s ◦ ψ| < ǫ˜(x) for all x ∈ M . Finally there exist
constants Cm,m ∈ N, such that we have
|φ˜− ψ|k,x ≤ |φ− ψ|k,x + Cm|s(ψ(x) − φ(x))|k,x < δ(x) + Cmǫ˜(x),
for all x ∈ Km+1 \Km, and so it is clear that the claim holds if δ decreases
rapidly as x tends to infinity.

Theorem 7.1 will be proved by an inductive argument where the main
step will be covered by the following lemma.
Lemma 7.3. Let ψ ∈ AutholC
n such that M = ψ(Rs) is a sufficiently
small C1-perturbation (in the sense of Carleman) of Rs ⊂ Cn, s < n, and
let K ⊂ Cn be a compact set such that K ∪M is holomorphically convex.
Assume given R > 0 such that K ⊂ RBn and a φ ∈ Diff(M) such that φ is
orientation preserving and φ = id near K ∩M . Then for any k ∈ N, µ > 0
and strictly positive δ ∈ C(M) there exist (arbitrarily large) l ∈ N and
σ ∈ AutholC
n such that the following hold
1) |σ − φ|k,x < δ(x) for all x ∈ ψ(R
s ∩ (l + 1)Bn),
2) ‖σ − id‖ < µ near K,
3) RBn ⊂ σ ◦ ψ(lBn), and
4) σ(M) is a δ-Ck-small perturbation of M .
Proof. Note that by [14] we have that if M is a sufficiently small C1-pertur-
bation of Rs then h(RBn ∪M) ⊂ (R + 1)Bn for any R > 0.
Choose a compact set C ⊂M such that φ(M \C) ⊂M \ (R+ 1)Bn. Let
X(t, x), t ∈ [0, 1] be a non autonomous smooth vector field such that φ is
the time one map of X, and such that X(t, x) = 0 on M ∩K. Denote this
flow by φt. Choose a compact set C
′ such that C ′ contains the complete
φt-orbit of C. Choose a smooth cutoff function χ ∈ C
∞
0 (M) such that χ ≡ 1
near C ′. Define X˜(t, x) := χ(x) · X(t, x), and let φ˜t denote the flow of X˜.
By Theorem 6.3 there exists Φ1 ∈ AutholC
n such that Φ1 approximates φ˜1
on M in the sense of Carlemann, hence also φ on C, and Φ1 approximates
the identity near K. We set M1 = Φ1(M).
Now choose l >> 0 such that RBn ⊂ Φ1 ◦ ψ(lB
n). Let σ˜ ∈ Diff(M1) be
defined by σ˜ := π1 ◦ φ ◦Φ
−1
1 . Note that σ˜ is close to the identity on Φ1(C),
so after a small perturbation we may assume that σ is the identity on Φ1(C)
and furthermore σ can then be extended to the identity on (R+1)Bn which
contains h(R · Bn ∪ Φ1(M)).
By an argument similar to that above there exists Φ2 ∈ AutholC
n that
approximates σ˜ on Φ1 ◦ ψ(M ∩ (r + 1) · Bn) and it is near the identity on
RBn. Now the composition ψ := Φ2 ◦Φ1 furnishes a desired map.
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
Proof of Theorem 7.1: After possibly having to compose with the map
(z1, z2..., zn) 7→ (−z1, z2, ..., zn) we may assume that φ is orientation preserv-
ing, and we may also assume that φ(0) = 0.
For i = 0, 1, 2, ..., we will inductively construct sequences of automor-
phisms ψi ∈ AutholC
n, real numbers Ri ≤ ri, Ri → ∞ as i → ∞, and
diffeomorphisms φi ∈ Diff(ψi(R
k)) such that the following hold for i ≥ 1:
(1i) |ψi − φ|k,x <
1
2ǫ(x) for all x ∈ R
s ∩ riBn
(2i) |φi ◦ ψi − φ|k,x <
1
2ǫ(x) for all x ∈ R
s,
(3i) ‖ψi − ψi−1‖ψi−1(ri−1Bn) < (
1
2)
i,
(4i) RiB
n ⊂ ψi(riB
n), and
(5i) φi = id near ψi(R
s ∩ riBn).
In addition, each ψi(R
s) will be a sufficiently small perturbation of Rs
such that Lemma 7.3 applies.
If we set r0 = r1 = R0 = R1 = 0, ψ0 = ψ1 = φ0 = id we get (11) − (41),
and we perturb φ slightly near the origin to get a φ1 such that (51) also
holds.
To complete the induction step we now assume that (1i) − (5i) hold for
some i ≥ 1. Choose Ri+1 ≥ Ri + 1 such that ψi(riB
n) ⊂ Ri+1B
n. For any
strictly positive δ ∈ C(ψi(R
s)) there exists by Lemma 7.3 a ri+1 > Ri+1 and
a σ ∈ AutholC
n approximating φi δ-well on ψi(R
s ∩ (rm+1 + 1)B
n), and so
that setting ψi+1 := σ ◦ ψi we get (1i+1), (3i+1) and (4i+1). Using Lemma
7.2 we may also achieve that we get a map φ˜i : ψi(R
s)→ ψi+1(R
s) such that
setting φi+1 := φ˜m ◦ σ
−1 gives us (2i+1) and (5i+1).
It now follows from (3i) that the sequence Ψ := limj→∞ψi converges
uniformly on Cn, and we may assume that the limit is injective holomor-
phic. Moreover it follows from (4i) that the sequence ψ
−1
i also converges
on Cn, hence Ψ ∈ Authol C
n. By (1i) we have that Ψ is a good enough
approximation on Rs.

References
1. Abraham, R. and Marsden, J. E.; Foundations of mechanics. Second edition, re-
vised and enlarged. With the assistance of Tudor Ratiu and Richard Cushman. Ben-
jamin/Cummings Publishing Co., Inc., Advanced Book Program, Reading, Mass.,
1978.
2. Alexander, H.; A Carleman theorem for curves in Cn. Math. Scand. 45 (1979), no. 1,
70–76.
3. Anderse´n, E. and Lempert, L.; On the group of holomorphic automorphisms of Cn.
Invent. Math. 110 (1992), 371–388.
4. Forstnericˇ, F.; Stein manifolds and holomorphic mappings. The homotopy principle
in complex analysis. Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. 56.
Springer, Heidelberg, 2011.
18 FRANK KUTZSCHEBAUCH AND ERLEND FORNÆSS WOLD
5. Forstnericˇ, F.; Approximation by automorphisms on smooth submanifolds of Cn.
Math. Ann. 300, (1994), no. 4, 719–738.
6. Forstnericˇ, F. and Wold, E. F.; Fatou-Bieberbach domains in Cn \Rk. Preprint 2013.
7. Forstnericˇ, F., Løw, E. and Øvrelid, N; Solving the d- and ∂-equations in thin tubes
and applications to mappings. Michigan Math. J. 49, (2001), no. 2, 369–416.
8. Forstnericˇ, F. and Rosay, J.-P.; Approximation of biholomorphic mappings by auto-
morphisms of Cn. Invent. Math. 112, (1993), no. 2, 323–349.
9. Gauthier, P. M. and Zeron, E. S.; Approximation on arcs and dendrites going to
infinity in Cn. Canad. Math. Bull. 45 (2002), no. 1, 80–85.
10. Hoischen, A; Eine Verscha¨rfung eines Approximationssatzes von Carleman. J. Ap-
proximation Theory 9 (1973), 272–277.
11. Husemoller, D.; Fibre bundles. Third edition. Graduate Texts in Mathematics, 20.
Springer-Verlag, New York, 1994.
12. Kutzschebauch, F.; Anderse´n-Lempert-theory with parameters: a representation the-
oretic point of view. J. Algebra Appl. 4, (2005), no. 3, 325–340.
13. Kutzschebauch, F., Lodin, S.; Holomorphic families of nonequivalent embeddings and
of holomorphic group actions on affine space Duke Math. J. 162, no. 1, (2013), 49–94.
14. Løw, E. and Wold, E. F.; Polynomial Convexity and Totally real manifolds. Complex
Var. Elliptic Equ. 54, (2009), no. 3-4, 265–281.
15. Manne, P. E.; Carleman Approximation by Entire Functions on Globally Defined
Totally Real Subset of Cn, Doctor Scientarium Thesis, University of Oslo, 1993.
16. Manne, P. E., Wold, E. F. and Øvrelid, N; Carleman approximation by entire functions
on Stein manifolds. Math. Ann. 351 (2011), no. 3, 571–585.
17. Scheinberg, S.; Uniform approximation by entire functions. J. Analyse Math. 29
(1976), 16–18.
Frank Kutzschebauch: Mathematisches Institut, Universita¨t Bern, Sidler-
str. 5, CH-3012, Bern, Switzerland
E-mail address: Frank.Kutzschebauch@math.unibe.ch
Erlend Fornæss Wold: Matematisk Institutt, Universitetet i Oslo, Post-
boks 1053 Blindern, 0316 Oslo
E-mail address: erlendfw@math.uio.no
